Abstract. Let H be a finite-dimensional weak Hopf algebra over a field k and A/B be a right faithfully flat weak H-Galois extension. We prove that if the finitistic dimension of B is finite, then it is less than or equal to that of A. Moreover, suppose that H is semisimple. If the finitistic dimension conjecture holds, then the finitistic dimension of B is equal to that of A.
Introduction
Throughout the paper, we work over a field k, vector spaces, algebras, coalgebras and unadorned ⊗ are over k. Given an algebra A, we denote by A-Mod and Amod the categories of left A-modules and of finitely generated left A-modules, respectively. For a left A-module M, we denote by pdM the projective dimension of M.
Weak Hopf algebras are generalizations of ordinary Hopf algebras. Examples of weak Hopf algebras are groupoid algebras, face algebras [7] , quantum groupoids [9] , ⋆ Supported by the NSF of China (Grant No. 11601274).
generalized Kac algebras [13] , and so on. The importance of weak Hopf algebras for quantum field theory and operator algebras is well understood and there is much literature on this subject, see [4, 8, 15] .
Recall from Böhm et al. [5] that a weak k-bialgebra H is both a k-algebra (m, µ) and a k-coalgebra (∆, ε) such that ∆(hk) = ∆(h)∆(k), and
for all h, k, l ∈ H, where 1 ′ stands for another copy of 1. Here we use Sweedler ′ s notation for the comultiplication. Namely, for h ∈ H, ∆(h) = h 1 ⊗ h 2 , where we omit the summation symbol and indices. The maps ε t , ε s : H → H defined by
are called the target map and source map, and their images H t and H s are called the target and source space.
A weak Hopf algebra H is a weak bialgebra together with a k-linear map S :
where * is the convolution product.
We remark that a weak Hopf algebra is a Hopf algebra if and only if ∆(1) = 1⊗1 if and only if ε is a homomorphism of algebras.
Let H be a weak Hopf algebra and A be an algebra. By [6] , A is a right weak
The coinvariants defined by
is a subalgebra of A. We say the extension A/B is right weak H-Galois if the map
Recall from [3] that the finitistic dimension of A, is defined as
The famous finitistic dimension conjecture says that fin.dim A < ∞ for any finite dimensional algebra A and it has been proved that several classes of algebras have finite finitistic dimension. The finitistic dimension conjecture is still open now, for details, we refer to [11, 12, 14, 16] and the references therein.
The purpose of this paper is to study the relationship of finitistic dimensions under right faithfully flat weak Hopf-Galois extension. The main motivation for the study is that zhou and Li proved in [15] : let H be a finite dimensional weak
Hopf algebra and A/B be a right faithfully flat weak H-Galois extension, if H is semisimple, then the finitistic dimension of A is less than or equal to that of B.
Thus the question arises: whether the finitistic dimension of B is less or equal to that of A when A/B is a right faithfully flat weak H-Galois extension? This is of particular interest because of the close relationship to the finitistic dimension conjecture.
Our main result is as follows.
Theorem. Let H be a finite-dimensional weak Hopf algebra over a field k and A/B be a right faithfully flat weak H-Galois extension. If the finitistic dimension of B is finite, then it is less or equal to that of A.
In this paper, we always assume H is finite dimensional and we follow the standard terminology and notation used in the representation theory of algebras and quantum groups, see [1, 2, 10] .
Proof of the Theorem
The following well known Lemma shows the relations between the projective dimensions of the three modules in a short exact sequence, which will be used later. Proof. According to [15] , Let A/B be a right faithfully flat weak H-Galois extension for a finite dimensional weak Hopf algebra H. Suppose H is semisimple, then fin.dim A ≤ fin.dim B. By Theorem 2.3., the proof is completed. An affirmative answer to the finitistic dimension conjecture would also give an affirmative answer to this question.
